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Abstract
This paper proposes a strategy to perform amplitude versus angle (AVA) and rock properties inversion simultaneously by applying
conjugate gradient (CG) method on a ray-based Kirchhoff migration/inversion scheme in the angle domain. The idea is to use the
Kirchhoff integral formulation to estimate rock physical parameters directly from pre-stack seismic data by using relationship
between AVA and elastic parameters (i.e., Zoeppritz Equations). Implementation of the method shows successfully delineating
subsurface structure and recovering local changes in the rock properties for a 2D model.

Introduction
Imaging using ray based Kirchhoff migration/inversion is a very common application in exploration geophysics (Keho and Beydoun,
1988; Gray and May, 1994; Akbar et al., 1996). Nowadays, the goal of the migration changes from imaging subsurface structure to
recovering elastic properties (Beydoun and Mendes, 1989). As the rock parameters are not related linearly to the seismic reflection
data (Lumley and Beydoun, 1997), the inversion for elastic constants must be performed in two steps:
1) The seismic data are transformed to common image gathers (CIG) by migration or inversion. This step requires a migration
algorithm for complex media that preserves amplitudes.
2) Using approximations to the Zoeppritz equations (Aki and Richards, 1980; Shuey, 1985; Fatti et al., 1994) then, transform the
CIGs to perturbations of the elastic parameters (Beretta et al., 2002; Li et al., 2003).
Our Imaging technique is mainly based on the work on Kirchhoff inversion algorithms developed by Bleistein (1987, 1997, 2002)
and Xu (2001). In particular, we implement our algorithm as a least-squares migration problem where we estimate elastic
parameter perturbations directly from pre-stack data.

Method
Let us begin with the linear scattering problem of the form

d = WLm + n1 ,

(1)

where d denotes the seismic data, m refers to the Earth model (CIG ), n1 is the noise, W represents the wavelet, and L
represents the Kirchhoff forward operator. In the frequency domain, the above equation can be written as

r
d (r, s, ω ) = iω ∫ m(x,θ ) A(r, x, s)[n ⋅ ∇τ (r, x, s)]e iωτ (r,x,s )W (ω )d 3 x + n1 (ω ) .

(2)

where s denotes the source position, r is the receiver position, ω refers to the angular frequency, θ refers to the reflection
r
angle, the arbitrary space position x is defined by ( x1 , x 2 , x3 ), n represents the normal direction unit, A refers to the amplitude
(geometrical-spreading factor from source s to receiver r via x ) and τ refers to the traveltime. Note that the CIGs m is to rock
parameter via a Zoeppritz forward operator Z ,

m = Zp + n 2 ,

(3)

where modeling errors can be included in the term n2 . For PP reflections, Aki and Richards provide the following operator
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(4)

where ρ , υ p , υ s are the average of density, P-wave velocity and S-wave velocity of adjacent two layers. Furthermore, ∆ρ ,

∆υ p , ∆υ s are the differences of the density, P-wave velocity and S-wave velocity of two adjacent layers, respectively. The
angle θ is the average of incidence and transmission angles. In the case of negligible difference of the elastic parameters, this

angle θ can be approximated by the reflection angle. Combining equation (1) and (3), the seismic data can now be expressed by

d = WLZp + n

(5)

We then estimate p from d by minimizing the cost function J , which is the sum of a data space misfit and a model space
function, basing on the assumption that the noise is Gaussian and uncorrelated
2
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+β p .

(6)

The last term is a l1 model norm used to “spike” up the final solution. The solution to the cost function is

p = ( Z T LT W T WLZ + α 1Q1T Q1 + α 2 Q2T Q2 + βQ T Q) −1 Z T LT W T d ,
where

T

(7)

means transpose (or adjoint/migration operator). Q1 and Q2 are the first order derivatives (smooth operators) in the

equation (6) along x1 and x 2 directions respectively. Q is the diagonal matrix defined as

Qii =

1
(8)

pi

Generally, it is too expensive to calculate the inverse of the terms inside the brackets of the equation (7) (for example, inverting a
matrix via direct solvers is an N3 process for an NxN matrix). Therefore, we use CG to minimize cost function J . The cost can
then be minimized in cost proportional to KxN2, where K is the number of iterations. For seismic inversion, it is always true that
K<<N; thus, this method is more efficient than a direct determination of the inverse operator.
The CG algorithm needs the forward and adjoint operators (for details see Scales, 1987). To derive these operators, we rewrite our
optimization goal as a system of observations of the form
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(9)

Adjoint

(10)

where d , 0 , p and p̂ can be vectors, matrices or multidimensional cubes.

Example
A 2D acoustic geological model was created to test accuracy of this approach (Figure 1A). The model has 7 layers, including a
fold, a pinch out and interfaces with topography. The synthetic data sets (Table 1) were calculated for this model using Seismic
Unix modelling program.
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Table 1: Information of shot and receiver
Number of
shots

Shot spacing
[m]

First shot position [x, z]
[m]

Number of receivers per shot

Receiver
spacing [m]

First receiver’s offset [m]

51

20

[2000, 0]

201

20

2000

The synthetic data sets were inverted for the rock properties (Figure 1B and 1C) using the method outlined above. The recovered
structure of the layers is clear and correct. The common reflection angles gathering at x = 3600 meters (Figure 2A) shows
coherent and continuous events for a wide range of reflection angle and alias cannot be seen. The picked AVA (Figure 2B)
matches the theoretical values for large angle. The theoretical equation for AVA is given by

R (θ1 ) =

ρ 2υ 2 cos θ1 − ρ1υ1 cos θ 2
ρ 2υ 2 cos θ1 + ρ1υ1 cos θ 2

(11)

where R is angle dependent reflectivity, ρ1 , ρ 2 , υ1 , υ 2 are densities and velocities of upper and lower layers respectively, θ 1 ,

θ 2 are the incident and transmitted angles respectively. The comparison between the inverted and true rock properties shows that

the inverted rock properties match the true rock properties well (Figure 3). As no energy loss due to transmission is included in this
algorithm, the accuracy of the inversion result degrades for lower horizons.
Conclusion
We have proposed the AVA and rock properties inversion algorithm. The main advantages are: 1) the structure of the subsurface
is imaged well, even for complex structure, 2) events are continuous in common reflection gathers, and AVA responds in wide
range of angles, 3) the algorithm does not depend on acquisition geometry, 4) rock properties are inverted directly in one step, 5)
ray based Kirchhoff operator is efficient for target-oriented inversion. However, at current state the algorithm does not handle
transmission losses thus debasing the inversion results for deeper reflectors. As exploration targets usually found at greater depth,
future work will concentrate on enhancing the image of deep and complex interfaces.
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∆υ
Figure 1: Acoustic geological model for the synthetic date sets (A). The corresponding inverted model for υ (B) and ∆ρ (C).
ρ

Figure 2: Migrated CIG of the synthetic data at x = 3600 meters (A). The corresponding picked AVA (R1 - R6)
curves for six layers (B). Star line represents picked AVA, and solid line indicates the analytic curve.

Figure 3: The comparison between inverted and true velocity (A), density (B) perturbation at x = 2750 meters.
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