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THE FOURIER SPECTRUM OF GRAVITY ANOMALIES

DUE TO TWO-DIMENSIONAL PRISMS+

T. W, F. EBY *

A mathematical basis for the application
of Fourier spectrum analysis to Bouguer
gravity profile interpretation is developed.
Isolated two-dimensional prisms, and small
assemblages of prisms of varying thickness,
width, depth, and of uniform density, are
used as models to simulate geologic bodies.
The influences of the geometric parameters
on the shape of the Fourier spectrum is

assessed. A method of estimating depth to
source, and source thickness, by analytic
continuation of the shift in the frequency
domain, and measurement of the shift in
the frequency position of the maxima of
the spectrum curve is presented. It is shown
that this method should he applicable, at
least for depth estimation, both to isolated
prisms and to small assemblages of prisms.

INTRODUCTION

The application of Fourier analysis to the
interpretation of potential field data can be
traced back at least ten years, (see, for ex-
ample, Troshkov and Shalaev, 1961). Dur-
ing this time a number of investigators,
(Bhattacharyya, 1964 and 1966); Spector
and Bhattacharyya, 1966); Spector, 1968;
and Spector and Grant, 1970), have investi-
gated the application of this technique to
aeromagnetic data. Because of the usually
large extent of aeromagnetic surveys, the
interpretational emphasis has been placed
on statistical models and ensemble aver-
aging.

However, because of the relatively small
areas included in many gravity surveys, it
is often unrealisiic {0 assume a normal dis-
tribution of gravity source parameters. A
need exists for an improved understanding
of the behaviour, and interpretation, of
small assemblages of monopolar sources.
Davis (1971) has shown that the character-
istics of the amplitude spectrum of two di-
mensional gravity fault anomalies can be
used, in conjunction with band pass filters,
to derive source parameters. In this paper

I discuss the form of the amplitude spectrum
of the gravity anomaly produced by two-
dimensional prisms, and present an inter-
pretational technique for extracting the
source parameters from the spectrum. The
method suggested can be extended to the
three-dimensional case, and to other simple
geometries in a straight-forward manner.

THE SPECTRUM OF GEOMETRIC SOURCES

The expression for the Fourier amplitude
spectrum of the field of an arbitrary two-
dimensional body can be written in the

form:
T(k) = KO(@)D(k)G(k,‘,B,U))
where: = the angular wave number
K is a factor dependent on the mass
of the body

0(g} is a factor dependent on the
orientation of the field

b (k) depends on the depth to the
causitive body

G( o ,B.0k) depends on the particu-
lar geometry of the source, and

(m,ﬁ,v) are used here to indicate
the geometric parameters.
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I assume that K does not vary with posi-
tion and is, therefore, a constant determined
by the mass of the source.

The factor 0(g)
unity in the case of the gravity field (see,
Cameron and Eby, 1971).

Therefore, the form of the spectrum will
be determined by the two factors D(k) and
Gk, o, fio)-

can be assumed to be

ISOLATED TWO-DIMENSIONAL PRISMS

I assume that the sources are infinite in
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the direction at right angles to the profile
line defining the gravity anomaly,

Proceeding in a similar manner to Spector
(1968), the amplitude spectrum of a two-
dimensional monopolar prism is given by:

e S e a-eth,

= the width of the prism

= the thickness of the prism

h = the depth to the top of the
prism

k and

K have been defined previously.

We may write a modified, (see Cameron
and Eby, 1971), normalized amplilude spec-
trum as:

Tpr ism(k) =«

where: a

—+

sin(ka) e hk(1.e~tk)

S W

Case 1: For small a, sin(ka)/(ka) =1
In this case, the form of the modified

spectrum, defined in equation (1), is pri-

marily determined by the expression:

KT(k) =

L(k) = e Pk (1-g-tky, (2)

Figure 1(a) illustrates this function for
t=500 feet, and values of h as indicated on
the figure. Figure 1{b) shows the result for
t—1000 feet and h as indicated. The ordinate
in these figures is given in units of f, where
I = k/2=. It is evident from these figures
that an attempt to estimate source depth
from the slope of the curves, as has been
suggested by Spector (1968) for the analysis
of aeromagnetic data, would result in an
underestimation of the true depth.

Setting the thickness to depth ratie,
t/h = 7, in equation (2) and calculating

h =1000
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Fig. 1(a). Power spectrum curves for t = 500

and h as shown on the curves. The broken line shows
the function Dif) : o-47fh for values of h correspond-

ing with the L{f) values.
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Fig. I(b}. Power spectrum for t = 1000 and h

as shown gn the curves.
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the position of the maximum of this function
in the usual manner yields:

_lln(‘ﬁl}
Kpax T

or . 1 1n(y#l) | (3)
max = 2ah ¥

A plot of f . against y, with h as the
parameter, is shown in figure 2.
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Fig. 2. A plot of fmax against ¥ with h as para-
meter as shown on curves.

If we can locate the position of f ,, on
a plot of the modified amplitude spectrum
of the field, we may use equations (3) or
the curves of figure 2 to tabulate corre-
sponding estimates of y and h. Figure 2
indicates that the change in f ,  with h is
greatest when h is of the order of a few
hundred to a few thousand feet, and ¥ lies
in the range v = 1 to y = 10.0.

In an attempt to remove the yh ambi-
guity, we examine the differential:

- In(y+l) . _J._zah

Making the approximations

= &, and ph = Ah
we may write:
he " fmax &h .
Af o (4)

Af ., may be calculated by assuming
some value for Ah and continuing the field
upwards or downwards by Ah (ie; by
multiplying the spectrum by e+=27Ahf)
and measuring the resulting displacement
in the position of £, ..

The approximation used to obtain equa-

tion (4) assumes that 3f, ., does not vary
h

appreciably with f_ . 1In general, this

assumption is not wvalid.

Let us assign the coordinates (f,,,h;) to
the point representing the maximum posi-
tion of the original spectrum; and (f__ ., h,)
to the point representing the maximum of
the spectrum after continuation. Then h =
h2'h1, and fmzu( = ‘tmuxﬂ ) fmﬂxl‘ Now a Simple
application of the “law of the mean” yields
the exact expressions:

- Ah fmax1
hl = —
Afpay (5)
ah £
or hl - _..ma—xz_
Afmax

Where the physically meaningful value of
h; in equations (5) is the value accepted.
This value h; can then be used in conjunc-
tion with the curves of Figure (2) to find v.
By differentiating h; with repect to £
and to f , ., we may derive the results

max1’

&hy fmaxy Sfmax; , fmax; Sfmax,

Bl £raxy Afmax
and (6)

ghy fmaxz Sfmaxy + fmaxy Sfmaxa

By fmaxy Afmax
where: g§hy is the error in hy,
8f ... is the error in the f___ value
measured, and the first expression
in (6) is associated with the first
expression in (5); and the second
expression in (8) is associated with
the second expression in (5).
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Fig. 3. The effect of the prism width on the form
of the spectrum for h == 5000 feet and t = 500 feet
and pdramter ‘a‘’ as shown on curves.

Expressions (6) indicate that the error in
hy is controlled by Af . Since Af .

increases as Ah increases, Ah should be
chosen to be large.
Case 2: sin(ak)/(ak) =£1

The effect of the “geometry factor”,
sin{ak}/{ak) on the spectrum is illustrated
in Figure 3. We see that this factor can
seriously distort the function given in equa-
tion (2), and shift the position of f .
However, since “a” can be estimated either
from the position of successive null points
in the spectrum, or from the anomaly half-
widths, we may muliiply the amplitude
spectrum by (ak)/sin(ak) to remove the
effect of geometry. The analysis then fol-
lows as given ahove.

THE SPECTRA OF SMALL ASSEMBLAGES OF SOURCES

Difficulties arise in the treatment of real
geophysical data for two reasons:

1) Real sources, and their associated gra-
vity anomalies, are seldom isolated.

2) A profile length longer than that de-
fining one gravity anomaly may be
necessary to give sufficient spectral
resolution to make use of the techni-
que described above.

For these reasons, it is necessary to con-
sider the spectra produced by the field of
two or more sources.

Since the Fourier transform is a linear
operation, we may calculate the spectrum of
an assemblage of sources by the addition
of the spectra of the individual sources in
the sssemblage.

THE EFFECT OF WIDTH VARIATION

If the assemblage consists of two-dimen-
sional prisms of identical thickness, and at
identical depth, but with differing widths,
a;; equation (1) becomes:

e-hik(l-a-tky | sin(agk)
a1 ——— (T)
=1 (ask)
Equation (7) is susceptible to the analysis
described earlier in this paper if we esti-
mate the half-widths of the sources and
multiply the spectrum by the factor:

{ £ sin(ajk) } -1
=1 (agk)

EFFECT OF THICKNESS VARIATION

kT(k) =

I assume that the width and depth of the
sources does not vary between prisms.

The modified amplitude spectrum may be
written: n
e~hk sin(ak) £ (l-e"tik)

KT (k) = -
jak) i=1 )
Setting ty=t+ Atj
=17
where: Iy tl t4: the mean thickness
of the sources, and At; = the deviation in

thickness of each source from the mean.
Correcting for the effect of width, equation
(8) becomes:

ek (netk § eo-Atyky (9)

Lik) = j=1

For convenience we set:

Y=

=y
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Y
Yy " _ _
" - (10) {[1+y(1+2¢)] cosh (vhkpaxe)
e €y = not ~¢(142Y) sinh (Yhkpayxe)} = 0.
Then Y

Lek) = e-hk(n-e—vhkj§1 e-Yhegk,y

n=2
—e2 and equation (11}

Two body case:
For n = 2, g1=
reduces to:
LOEY = a-hl (1-e=ThE
) =e = (12)
cosh (keyh)).

Calculating the k position of the maximum
of equation 12 gives:

[1 + -Y-(l—-s)] e“?hkmax(l‘s)
(13)

+ [1 + ?(l+e)]e';hkmax(1+€) -2 =20

We may solve for k_ .  in equation 13
numerically. Figure 4 shows the results of
this numerical solution for h - 100 feet and
for ranges of ¥ and ¢ as is shown on the
figure.

Differentiating
yields:
2:f_eﬂ'hkmax(h gikﬂﬁﬁi + Kpax)

equation 13 implicitly,

fmax VS 7, € FOR h=
CONTOUR INT'L 4 x 1079 CPF

TWO BODY CASE

Thus: "kmax + =0 (14)
us dh k‘max

if, a_r_ld only if: _
[1+’Y (l+2€)} cosh (thrnaxE)
# c(1427) sinh (yhkmaxe) . (15)

From the equation 14 we may make the
approximation:

h = “kgax 8h
Mepax (16)

Equation (15) is identical to equation (4)
and the analysis given earlier applies. Thus,
knowing h and f ., we may use nomo-
graphs similar to figure 4 to estimate values
of ¥ and &.

1f conditien (15) does not hold, then

tanh (yhkmaxe) = 1+Y(1+2€)
yhimax (1+2T) an

(17) is true if t < At( )

But since t = A4t for real cases, we see that
condition (15) will hold for real cases.
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Fig. 4. Plot of f
max

versus Y £ for h = 100 feet for two body case.

Interval is 4 x 1077 CPF,
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Many body case: n>»2.

Expanding the summation in equation (9)
in a power series and requiring that:

n
I (et < 1
3=1 i3

yields the following approximate expression
for the medified amplitude spectrum

L(k) = e"Nk[1_e-tk( 4 %? Y25e2) 1 (18)

n
where 052 =1 I (lj-%_z)z,
n j=1
and is a normalized measure of the variance
in v, about the mean ¥; and v; and y are
defined by relations (10).
Calculating the k position of the maxi-
mum of equation (18) yields:

eThmax = (Y1) - kpay hoc2¥2
¥+l -

+ (12 ) k2mx h2 022 YZ-

A numerical solution of this equation is

shown in figure (5) for parameter values
ag indicated on the figure.

Calculating dkmax/dh from equation (19)
gives:

(19)

Ylkoay + r@%mwﬁ

- (Yo Brhlg,  + eYhkmaxy g
and, again:

Knax + hﬂ%ﬁﬁx =0

if, and only if:

eYhknax ¢ (:f."‘l)c’ez?hlﬁnax —052? (20)
If condition {20) does not hold, then, using

equation (19}: _
. 1
Knax [ (2v+1)

Thv+l) _,
£ el sy BV

From (21) we see tﬁa‘c K, ., 18 complex if
ge<- 1. Thus, provided that gg<’1 there is
no real k. that does not satisfy condition
{20}. Therefore, provided that the standard
deviation in thickness t; about the mean
thickness t, is less than the mean t, the
suggested method of determining depth will
hotd.

THE EFFECT OF DEPTH OF VARIATION
Assume that the width and thickness of

the sources are identical for all sources in
the assemblage.

fmax VS 7,0 FOR h =100 FT

MANY BODIES CASE

CONTOUR INT'L 4 x 1079 CPF

N

Fig. 5. Plot fmax versus ¥ and o for h = 100 feet for many bodies case. Interval is 4 x 10 -5 CPF.
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For n sources we may write
n
L(k) = (1-e7th) 1 M4k ,
j=1
setting hy = & + Ahy ,

where Ah; is the variation in depth about
the mean depth, h:

Further, we set Ahl - 4

and (23)
t
g

(22)

Two body case: n — 2

Substituting relations (23) in equation
(22) for n = 2, we find:

L (k) = (1-e~0FK) o~Fk ( zhk 4 orAky (29)

Calulating the k position of the maximum
of equation (24) yields:
(l_c)e—ﬁkmax(l—t)+(l+c)e"hkmax(l"'C)

- (1+8--7) e Fkmax(1+a=3) (25)
=(l4ar) e Tkmax (1+ehr) = 0

Equation (25) may be solved numerically
for desired values ofh, &, and ¢. Calcula-
ting dk,, /dh in eguation (25} ylelds:

e-ﬂ:max[ﬁgﬂl(;_;}n}a;g‘ + kpay){2 cosh (Rkpax?)

[ (1+22)-{ (1+a) 2472}~ Memax ]

-4C sinh (Fkpaxs) [1-(1+a)e~Hlkmaxal} = 0 .

Thus: 551—5%3—& + kmax = 0

(26)
if, and only if: tanh (Mkga.0)

4 L+0)2-{ (14a) 2452 }eTkmaxa]
2 [1- (L+a)e~Mkmaxa]

(27)

And, provided that condition (27) holds, the
average depth to source may be derived as
previously described.

Condition (27) implies that difficulties
may arise when o =0 or when h~{0. This
situation could be anticipated of course,
since in either case the maximum of equa-

tion (24) will occur at very large values of
k and will be poorly defined.

max

Many Body Case: n>2,

Proceeding in a manner similar to that
used for the case of thickness wariation,
we find;

LK) = (L-e™@Mk)o-Bk(146%2 0,.2)  (28)
3

where o,2 is the variance in £,.

Then, calculating the maximum equation
(28) yields:

[1-fo, zkmax (1+§1'ﬁiag 3 ]~e*fkmax

{(1+a)—ﬁkmax0;2[1+ﬂkgax (1+a)]} = 0 (29

Again, this equation may be solved num-
erically.

Calculating dk, . /dh, as before, yields:

[UC2(1+Hkmax(1+a)) ~a{ (14a)
_ﬁkmaxgcz(yﬁl;max (1+ta))}r =0 .
Thus: h El.;‘%ax + kpgy = 0

if, and only if:

O‘CZ (I'Lﬁkm,ax) —e‘“ﬁkmax[crgz
(L+ikpax (1+a) )~a{ (1+a) 'ﬁkmaxﬁg;z (30}

(uﬁ_gmax (1+a))}] # 0 .

Again, provided that condition (30) holds,
the average depth to source may be found
in the normal manner.

It is readily seen that in cases of interest,
ie, "cz small, condition (300 will held.

CONCLUBIONS

In cases where the source of a gravity
anomaly can be approximated by a two-di-
mensional prism, it should be possible to use
a modified form of the power or amplitude
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spectrum in conjunction with analytic con-
tinuation, to directly obtain source depths. It
has been shown that the depth io the source
is given hy:

h = fmax Ah
AF T (31).
~max
where: h . the depth to the top of the
source
f,... — the position of the maximum

value of the modified power or
amplitude spectrum.

Af, . == the shift in the position of
the maximum after continualion
by a distance Ah.

Further, it has been shown that this me-
thod should work for assemblages of two or
more sources, even if the sources vary in
thickness and in depth to source. In the
later case, the depth given by relation (31)
will be the mean depth to source.
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