THE FINITE FOURIER TRANSFORM
by
K. A. TITCHKOSKY*

ABSTRACT

The finite Fourier transform of a digitized seismic trace is defined. Many of
the elementary properties, which are often simply stated in other papers, are
proven, The algorithm, presented by Cooley and Tukey in 1965, which reduces
the number of computations required to calculate the finite Fourier transform is
developed. This algorithm, called the FFT (Fast Fourier Transform) allows such
a fantastic saving in computational time that many of the procedures used to
calculate convolutions and correlations of digital values have changed. Circular
convolution is defined and is shown to he equivalent to the product of the trans-
forms. The presentation given here does not require a great deal of mathematical
sophistication to understand. Although many other transforms — the Fourier
Integral transform, the Laplace transform, etc. require a considerable background
in mathematics, the finite Fourier transform is simply a manipulation of numbers.
For this reason the presentation given here is considered an excellent way of
introducing the geophysicist to transform analysis and to deepen his appreciation
of processing either in the time domain or equivalently in the frequency domain.
Two examples of frequency domain processing, namely, Vibroseis correlation and
frequency domain deconvolution, are discussed.

DEFINITION OF THE FINITE FOURIER TRANSFORM

A digitized seismic trace is given by a list or sequence of N numerical
time measurements (x,, ., &, . . . Tx_1}. Lo i the amplitude of the trace
at time ¢ — 0, , is the amplitude of the trace at time { — 1at, x, is the
amplitude of the trace at time ¢ — 2At¢, ete. We have obtained the list or
sequence of numbers by taking readings every At seconds. Af is called the
sampling interval and is usually equal to .002 seconds. For at — .002 we
note the number of samples per second is 1/A¢ = 500. From now on we
will consider the seismic trace and the list of digitized values to be the
same thing, that is, we will refer to the list of numbers as the seismic
trace and vice versa. Further, the mathematical term “sequence” will
replace “list”.

We now define the flnite Fourier transform of the seismic trace
(20, X1y Xuy . . -, TN-1) and develop some of its more elementary properties.
Unlike the more sophisticated Fourier transforms, this transform will
involve only multiplication and addition of numbers. In particular, using
the straight forward approach, NxN multiply-add operations are required
to transform N time measurements to their corresponding frequency
values. Later in this article we develop the clever technique which obtains
the transform in only Nxn multiply-add operations, where n is much
smaller than N. As indicated earlier, a knowledge of the more sophisti-
cated mathematical concepts is not necessary to understand the finite
Fourier transform. All that is required is a knowledge of trigonometry
and complex numbers, We hope that the basic ideas of transform analysis
presented here will increase the readers appreciation of the theoretical and
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practical usefulness of going from the time domain to the frequency domain
and back again.

Given the seismic trace (2, &, 2., . . . ,#n-1), We obtain the N spectral
values (X,, X,, X, . . .. Xy.) at the discrete frequencies af, where
Af = 1/(NAf) = 2fno/N, (fug = 1/(2At)) in the following steps:

STEP 1. Multiply (x,, &1, %2, . . ., £y, ) With the cosine and negative

sine values and distinguish between the two products by
using the complex i (i2 = -1)

STEP 2. Add the N products. The result is X;, the finite Fourier
transform at f — kaf.

Hence the N frequency values are, by definition,
X?c = mo(coso - 1 sin0) + € (cos2rkaflat ~ 1 sin2wkAf1Af)
+x, {coa2nkAf2At - 1 sin2nkAf2AE) + ...

+ z,  (cos2rkAf (N-1)at - 1 sin2nkaf (H-1)at).

The angle at which the cosine and sine values are to be evaluated appears
quite complicated, but we can immediately simplify since Af = 1/(Nat)
or Afat =1/N.

Making this substitution of 1/N for AfAt and using the summation nota-
tion we write the finite Fourier transform as
N-1

2k . 2rk
X = nZo :cn[cos TITV L _“N-EJ k—=012,..,N-1 (1)
+

Summation notation

Without the use of the summation notation the equation for X, is quite
unwieldly, as seen below.

Iy = xp(cos0 - 7 sin0) + ml{cos ZT;CI - 7 sin -——21;:‘:1]

2nk2 . 2nk2
+x2[cos 7 2 sin 7 ] +

- [COS Zﬂkgvﬂ-l) - ¢ sin 21rk§§|7—1)]

for k = 0,1,2,... N-1,

That is, it is only for compaciness that we use the summation notation, as
given in equation (1), to define the finite Fourier transform.

As can be seen by equation (1) (or its expanded version) each frequency
value X, requires N complex multiply-add operations between the time
measurements and the trigonometric values. Therefore, to completely
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obtain the N frequency measurements requires NxN multiply-add opera-
tions. We observe from equation (1) that the finite Fourier transform of
a finite list of numbers (x,, 2, &, . . ., £y ) (time values) is another
finite list of complex numbers (X,, X,, X, . . ., Xy } (frequency values).
The frequency values constitutes a frequency analysis of the seismic trace
at discrete frequencies Af = 2fno/N. This set of complex numbers
(Xo, X;, X5, . .. XN ) is the finite Fourier transform. The set of real
numbers (4,, 4, 4., . . ., Ay_: }, where A, — length of X, is defined to be
the amplitude spectrum of the seismic trace. The other set of real numbers
(also obtained from Xi) (8, 8, ..., 0n.1), where 8;—angle of X;, is de-
fined to be the phase spectrum of the seismic trace.

The length and angle of a complex number is best illustrated using the
complex plane, As we all know a complex number is a pair of real num-
bers. Hence it can be represented in the plane using a horizontal line
(real part) and a vertical line (imaginary part) as follows:

Vertical line

r @ complex number

—

:
I
!
?

Horizontal line

(=)

e—— B e

The length of X; is the length of the line from 0 to X,. By the Pytha-
gorean theorem this length is \/E? ++ 2. The length of X; is denoted by
X[ which can be read as “the length of X,”. The phase of X; is the
angle the length line makes with the horizontal axes. If we let # denote
the phase of X then from the diagram tan¢# = I/E. To denote the real
and imaginary parts of X; we often write X;, = R 4 iL

To restate, the Finite Fourier Transform of a seismic trace is a list of
complex numbers {(X,, X,, X., . .., Xx.1) and the amplitude spectrum is
the length of X; and the phase spectrum is the angle of X;.

We now proceed to write equation (1) in a different way. The new
equations for X, will make the proofs of the elementary properties of the
finite Fourier transform much simpler.

Anyone familiar with complex numbers will recognize the term
W = cos(2x/N} — i sin{2:/N) as one of the Nth roots of 1, that is
WN = 1. There are N distinct roats of 1 given by cos(2xm/N) — i
sin(2sm/N} for m = 0,1,2 . . ., N-1. It is well known (De Moirre's

Theorem) that

il
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kn
cos 2% - { sin 2L « cos ZTKB _ ; 4yn 2TKR
7 ¥ s < 18 T

Using this relation and letting W == cos(2z/N) — i sin(2:z/N) we re-
write equation (1) as

N-1
1= ] a7 for ¥ = 0,1,2,..., N-1. (2)
n=0

It follows from equation (2) that given the N time values
(20, &1y X2 . . ., T, ) and the Nt roots of unity we can obtain the trans-
form by forming products and adding.

We can also rewrite equation (2) by using the identity

. 2w
L
e N o cos %,1 - 1 sin % to obtain
i-1 ) Z?an
X, = nZO x e for k —0,1,2,..., N-1 (3)

This is the form _used by most authors to define the finite Fourier trans-
form.

All the laws governing the taking of a number to a power are valid in
equations (2) and (3). That is, we have

e" =1 or W' =1

grgl — eatb gr WaWhb = Watb

gred == exb or Waly-b — Wa-b Note: e? == 1/e2
(e2)n = em or (Wa)n — Wne (@ positive or negative)

The power laws make many of the properties of the finite Fourier trans-
form obvious.

) We now take up some special spectral values. The zeroth spectral value
is
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N-1

X, = ) =z W0 k = 0. But W0 = 1, hence
n=0
N-1

Xo = nEO acn =z, -i-.:r:1 +;z,-2 + ... +.’UN_1.

In other words, we have demonstrated that the zeroth spectral value is
simply the sum of all the values of the input seismic trace. There are N
spectral values, and another very interesting one is X, k—N/2 which
is the spectral value at

f = (N/2) Af = (N/2) (2fng/N)}==fng cps, the Nyquist frequency.

N/2
Now W‘Wz = |cos %T- - 1 sin W“-J = ¢ost - 1 sinm = -1.
N-1
Hence X, = J = w@/2" k = N/2. But WN/2 — -1,
N/2 n
n=0
N-1
Hence n
X - - - - - -
¥/2 nzo :x:n( 1) T, =T +;c2 ;c3 + ... Ty g+

We have demonstrated that the spectral value at the Nyquist frequency is
simply the plus and minus of all the input values.

We now discuss some of the properties of the finite Fourier transform.

PREOPERTY 1

Equation (2) goes from the time domain to the frequency domain.
A very similar equation defining the inverse finite Fourier transform,
transforms the discrete spectral values back to the original discrete time
values. That is, given the spectral values (X,, X,, X,, . . ., Xn1 ) We
obtain the original time values (%, %1, %z . . -, £ x-1 ) from

B2l
Tox, W forn =20,1,2, ..., N-1. (4)
k=0 X

To show that equation (4) is valid we proceed as follows:

r =
n

==

First, we substitute for X, its value as given by equation (2). Doing
this equation (4) becomes

N=1 1N-1 N-1 |¥-1
NIl lasr BN a:er(r_n)J.
k=0 {r=0 k=0 |r=0

ol




12 K. A. TITCHKOSKY

Interchanging the order of summation we obtain
¥ om0 (k=0 T

What we wish to show is that this double summation equals the original
time value #,. It should be clear that this double summation will be equal
1o &, if the term in the brackets is O for ali r except r=n and for r ==
the term in the brackets is Nx,. Obviously, for 7 = n the term in the

brackets is
N-1 -1
T o ]

D =
ko on N;cn.

For r =£ n, we have to show it is zero. Let p — r — n, then

! N-1 N-1 N-1
| I ez [ DY and 1 GPF
; k=0 k=0 k=0
is a geometric series 1 + ¥ + GF)2 + F)% + ... + P71 whose com-
mon ratior — We, Now we allknow that1 + r + 2 + ... + ' L = ll':—’;g
Hence
N-1 W‘DN _ WN P
Py e 14+ ()24 L+ PV 12)
kgo() + (F) ) el

But W is an Ntbh root of 1 or WN — 1 and it follows that the numerator
is zero. From this it follows that the equation (4) is valid, that is,
N-1
x = %I' ) ka—kn'
k=0
In other words equation (4), which defines the inverse transform, gives the
original time values from the spectral values.

Here we see that the inverse transform is obtained simply by taking
the product of the spectral values and appropriate Nth roots of unity and
summing.

PROPERTY 2

From the definitions of the transform and the inverse transform, the
seismic trace and its spectral values are periodic with period N. To be
sure, the digitally recorded seismic trace (%, 2, 22 . . ., £n- ) is finite
and not periodic but we shall see that the values, as defined by equation
{4), are periodic, that is, 2.y = «. and therefore, infinitely long. To see
that this is the case we proceed as follows.
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H-1
T =% I ka"k?‘l

k=0

I I R Sy

R =1 W io K

§=1
- 1 Z X Wkn(WN)‘k
¥ Ls M

but W is an N root of 1 or WYN — 1, hence (WN)-k = (1)*k=1. It fol-
lows that

N-1 n

£ X W =z,

g =1
n+i NkO

as we wished to show. Similarly, the frequency values are periodic with
pericd 2fng, that is, X,y = Xs This proves property (2) which states
that both the time domain and frequency domain representation as given
by the finite Fourier transform are periodic. Therefore, for mathematical
convenience and for easier comprehension of the kind of convolution and
correlation that is obtained from the product of finite Fourier transforms
the infinite periodic lists, hamely,

Principal part repeats
s Tys wvey T g [ Tps Tys Toy euey Ty 3ol Ly
criny Xy enn, XN-].’ Xys X Xz’ caey XN-l’ Xq»
INDEX -¥, .y -1, o, 1, 2, eeey N-1,1 N

will be considered to be a Fourier pair.

PROPERTY 3
The finite Fourier transform is a linear operation. That is, given two
seismie traces (%o, 1 22 ..., Tn-y) and (Y, ¥, Yo . . - Yn-) the finite

Fourier transform of the stack of these two traces is the stack of the
individual transforms.

The proof of this follows from equation (2) which defines the transform
of the stack to be
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¥-1 kn -1
S,= L (@ +y )W = § @y i
K pog T n nep n

N-1 N-1
E mnﬁfkn + Z ankn
n=0 n=0

=Xk+Yk.

This shows that the transform of the stack is the stack or sum of the
individual transforms.

In general, if @ and b are any constants then the finite Fourier transform
of 8, = ax. 4 by, is given by Sy = aX, -+ bY,.

Although we have implied the time values to be real, the finite Fourier
transform and its inverse have the same properties when applied to com-
blex lists. For example, if (2, 2,, 2., . . ., 25, } is a sequence of complex
numbers, then its transform is

The original time values can also be obtained by the inverse transform of
Zy, that is,

Although the seismic trace is always a sequence of real numbers we can
consider two seismic traces (xo, @, @, . . ., Tx-1) and (Yo, Y1, Yy -« « o Y1)
to be one complex sequence (2, 2, 2., . . ., #n-,), Where 2, = =, -+ iy,
After we have discussed property 4, a technique of calculating the trans-
form of two seismic traces by doing only one finite Fourier Transform will
be given. This, of course, cuts the computational time of any finite Fourier
transform algorithm by one-half.

PROPERTY 4

If (2, 21, %2, . . ., 5 ) is real, then the second part of the finite Fourier
transform is equal to the complex conjugate of the first part. In other
words given the spectral values

(X(n Xlu Xz, e ey XN-I):
the first and second parts are as follows:

X
0! Xl, X2’

o Kapyer Xz Ty 0 Xyope Xy
e T ———
First Part Second Part




THE FINITE FOURIER TRANSFORM 15

What we wish to show is that

Xy = X% *indicates complex conjugate
= X%
Ty-g = %3

e = -1
In general, we want to show that

X, .= X%
¥-g g
To do this we observe that by equation (2)
el W-in
X, .=} o w k=N-j
N-g nsg
N-1 .
X, .= 1 @@ now Win =1
N=g n

n=0

as W is an Nt root of 1, that is, WN¥ = 1, Hence W¥r = (WN)n=1. So
we have W1

Xy-g nEO z W
~dn -1.Jn _ n . 2n
Now W = W ) and N =cos 7 -1 sinifr
-1 1 _ 1
W =y = _g.T_T. T _21.
coOs b s51n i

We now multiply top and bottom by cos(2x/N) - 1 sin(2x/N) to obtain

cos—zl+'£ sinﬂ

W—l - 1 N N
E-i 11'12—1T cosz—“+1‘l iﬂ
cos & s 7 Vi sin %
2m . 2n 2 . 2n
1 cos-ﬁ-d-?,sin 7 cos 7 + ¢ sin 7
or W = =
-:052 —2-1 + sin2 H l
N N
-1 an 2n* *
or W= [cos 7 1 sin NJ = (W)*.

Hence wo% = whi® = myl™ o ™.
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Since x, is real, we have x,* = ..
It follows that

Ngl i NEJ. nk NEI il
Ky 2 = x W = k(W) = x = (X )*
V=g n=0 n=0 " n=0 " J
or x .= (x.)% as we wished to show.

N-j J

In other words, given N real input values the transform has 2 real values
X, and Xy,, and only N/2 — 1 independent complex values. Now one
complex number consists of two real numbers. Hence, the equivalent
number of real numbers in the transform is 2 J- 2 (N/2— 1) = N, which
is as it should be,

PROPERTY 5

Using property 3 and 4 we will now show how to obtain the finite
Fourjer transform of two seismic traces for the price of one,

Let (@, &y, %2, . . ., £-2 )} a0d (Yo, Y1, ¥, - . ., Yn-1 ) be the two seismic
traces. We form one complex sequence (2, 2, 22, . . ., ZN-1 ) Where
2y == ®n -+ t¥n The finite Fourier transform of this one complex sequence
is calculated. The result is (Z,, Z,, Z., . . ., Zn.1}). We now derive the
equations which give the spectral values X;and Y, of the two seismic traces
from Z;, This in effect calculates the transform of two seismic traces for
the price of one as most transform algorithms have complex valued inputs.

Since z, is the stack of %, and iy, it follows from Property 3 that

Z, = X + irk for ¥k = 0,1,2,3,... N-1.

Hence, it also follows that 7z, =

From property 4, we have that

X

Nk + 1Y

N-k®

g = %% and 1, . = v

Let X;, = a 4+ ib and Y, — ¢ + id, then it follows from

and Zk-in-i.‘[k
By = XE +iYE
that Zk-a+£b+i(c+id)=(a—d)+i(b+c)

ZN_k=a-ib+'£(c—id‘) =la+d) -i(h - 2).
Henece it follows that

e=flard +ilb - o).
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It should be remembered that the complex conjugate is obtained by chang-
ing all ¢ to -i.

We now have Z; = (a—d) 4+ i(b + ¢}

and Z*y = (a + 4} + i(b — ¢).

It follows immediately that (Z, 4+ Z*n4)/2 = a + ib = X,

and (Zk —_ Z*Nf;;)/Z'i =0 + id = Yk.

As can be seen, the above equations give the spectral values of both seismic
traces from the spectral values Z, which is the finite Fourier transform of

Zp == Ln + 'iyn-

DEFINITION OF PERIODIC OR CIRCULAR CORRELATION AND
CONVOLUTION

Given two seismic traces and their periodic representation the circular
correlation is defined by
w-1

C;:y (n) = t);’o @yl forn=—=0,12,..., N-1. {5)

It is to be noted that x4, is defined by xxy, = @, It therefore follows

that after x ., we do not have zeros but a repetition of the previous N
values. The circular correlation of x,and ¥, recognizes this periodic repe-
tition and for this reason is not equal to the ordinary correlation. For
example,
Ayt Ty Ty )
while the ordinary correlation is

(.:t:lyD oy, + ..+ Ty ¥geg * 0).
The difference in the last term is due to the values of x, repeating after
&y... In property 6 we show that the straight forward product of the
finite Fourier transforms is equivalent to circular correlation, not ordinary
correlation.

' =
ny(]‘) @y, *+=

Given a seismic trace (&, @, ., . . ., ®x-, ) and a filter (¥, ¥, ¥-, . - -,
Yn-1) the circular convolution is defined by

N-1
C.ry(n) = tzo Yy forn=012,..., N-1. (6)
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Here again the circular convolution recognizes the periodic representation
of the sequences. For example,

ny(l) =y® g E, tE By o T,
whereas the ordinary convolution at » =— 1 is simply
¥4 +y1x0+0+0+ ... + 0.

It should be noted that for either correlation or convolution the two
sequences will be of equal length. This is always possible as the shorter
one can he extended with zeros to egual the other,

PROPERTY 6

We shall now show that convolution and correlation can be performed
in the frequency domain by forming appropriate products of the spectral
values. We first consider correlation.

Given the spectral values X; and Y;, we show that the product X; Y,*
is the frequency domain representation of the circular correlation sequence
Cy (n) for n=20_, 1, 2, .. ., N-1. To prove this most important property
we could show either that the direct finite Fourier transform of £, (%)
is X, Y.*, or show that the inverse transform of X,Y:* is C’,, (n). We
choose o do the first.

The finite Fourier transform of C’,, (n) is

¥-1
' <
nZO ny e
N=1 .
but ny {(n) = tzo z, 4. We substitute this in the above, thus obtaining
-1 {N-1
- x W,
o { =0 t-m‘yt]

We now interchange the order of summation to obtain

¥-1 N-1
A I B
t=0 t n=0 tn

Next, we note that Wkt W-kt — ] and hence we rewrite the above to give

N-1 N-1
~kt
= 7 y ] =z e | ke
£20 t =0 t+n

Now, for all values of ¢, the term in the brackets is X;. This follows since
x, and W are periodic with period N.

I
i
)
i
|
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Substituting in X,, the above expression becomes

N-1
~kt
=X, ) y W
k =0 t
Nol . )
or = Xky;: as Yfé - tEO YW when ¥, is real.

In other words, we have shown that the finite Fourier transform of
Cy (m) is X, Y.*, that is

-1
- C W,
X, Yt nEO ny n)

To restate, the product X, Y.* for k=0, 1, 2, .. ., N-1 is the frequency
domain representation of the circular correlation of 2, and y.. It should
now be clear how to obtain the correlation sequence C’,,(n) of x, and

N-1
Y without performing the operations | = o forn=01,2,..., N-1
£m0 t
The procedure is, first, calculate the finite Fourier transform of «x, and
and . giving X, and Y, second, formthe products X,Y.*, and finally
calculate the inverse transform of this product. The result is the complete
set of N-lag values of C,, (n}. Of course, the circular correlation is of no
interest to anyone. What we desire is the ordinary correlation coeflicients
of x,, andy,. We shall now try to make it obvious that by adding N zeros
to the ends of 2, and y, the circular correlation of the zero filled periodic
sequences (period — 2N) is the ordinary correlation of the original se-
quences,

The zero filled periodie sequences are

270, .’L‘l, .’.l'.‘z, “hay xﬂ,’-l’

+ repeats repeats +

0, 0, 0, .., 0, Tor Tys eee

yD: yls yz! saey yN_ln 0, 0,0, ...,0, yoa yls v

Now the first lag value of these double length sequences is obtained by
shifting y, one unit to the right, forming products and adding. The result

i .
is Ca:y(l) T Yyt Ty Ty, b+ Ty 1¥n-n t 0.

This of course, is the ordinary correlation of the original sequences. Simi-
larly, it can be shown that the other lag values

C'w (n) forn=290,1,2,... N-1

are thé ordinary correlation coeflicients for all positive lags,




20 K. A. TITCHEOSKY

Further, it should be clear that ¢/, (N) = 0, that C”,, (N+1) is the
1correlatlion at a lag of -N-}1, and that (7, (2N-1) is the correlation at a
ag of -1, -

Hence, it follows that the circular correlation of the zero filled sequences
contains all the positive and negative lagged correlation values of #, and
Yn.

Therefore, the procedure to obtain the correlation function of two
seismic traces (Lo, &1, Loy . ., TN ) aNd (Yo, Y1y Y2y + + ., ¥ N-1 ) 18 a8 follows:

1. Add N zeros to the end of each sequence.

2. Calculate the finite Fourier transform of these extended sequences
fo give X; and Y;.

3. Form the product X, ¥, * fork=10,1,2,... N, ... 2N-1,
4. Calculate the inverse transform of these products.

The result is the 2N correlation coefficients of the seismic traces. The
above procedure is referred to as the frequency domain calculation of the
correlation values. Further, if the Fast Fourier Transform, to be discussed
shortly, is used in steps 2 and 4, then the above method is called “fast
correlation”.

PROPERTY 7

Previously, we discussed the correlation of two sequences and gave the
equivalent frequency domain operation. We now discuss the circular
convolution of two sequences.

It will be shown that if X; and Y, are the transforms of &, and y,, then
the frequency domain representation of the circular convolution

is given by the product X,Y,. To prove this we show that the finite
Fourier transform of C,, (n) is Xi Y.

The finite Fourier transform of C,, (n) is
N-1
T oo "

n=g Y

N-1 tn-1
YTyt

Wkn
n=0 |[t=0

We interchange the order of summation and note that WktW-w — 1, thus
obtaining
-1

. wn-ﬂ] F,

-] ¥
£=0

N-1
n-t

n=0
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The term in the bracket is X, as x, and W are periodic.

Hence, N-1
I oyt

as we wished to show.

It follows immediately that the circular convolution may be calculated in
the frequency domain, The procedure is, first calculate the finite Fourier
transform of «, and ¥, giving X, and ¥, second form the product X,Y,,
and finally calculate the inverse transform of this product, Of course,
circular convolution is not ordinary convolution, that is, it is not filtering.
It should be clear that if the filter is of length M and the trace is of length
N, then the circular convolution of the trace extended by M zeros and the
filter extended by N zeros is the ordinary convolution of the original
sequences.

Therefore the procedure to obtain the convolution of (%, %, % . . .,
® N~ ) and (¥, ¥, . . ., Y, ) is as follows:

1. Add M zeros to x, and N zeros to ¥,.
2. Calculate the finite Fourier transform of these extended sequences to
give Xy and Y.

3. Form the product X;Y;fork=0,1,2,.. ,M,..,N,..., M4+N—1.

4, Calculate the inverse transform of these products.
The result is the M+N convolved output. The above procedure is referred
to as performing convolution in the frequency domain. Further, if the
Fast Fourier Transform algorithm is used in steps 2 and 4, then the above
method is called “fast convolution”. We now describe the clever technique

discovered by Cooley and Tukey in 1965 which considerably reduces the
computer time required to calculate the finite Fourier transform.

THE FAST FOURIER TRANBFORM FFT

The finite Fourier transform of ,, as defined in the previous section, is
given by the equation

-1
X, = [ =",  where W =cos(2x/N) —isin(2n/N).
n=0
If we do away with the summation symbol the above equation becomes

X =y + ;cllfk + xZVZk ...+ :cﬁ,_lw(”'l)k fork=0,1,2...,N-1, (7)

K
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It was shown earlier that X, is the speciral value at the freguenc

= Kk(2fxg/N). This can also be considered to be the Xkth harmoni

frequency % the periodic sequence (%, 2, X2, . . ., TN }. To see this w

note that N periodic values with a sampling interval of At has a fundamen
1

tal period of NAt and hence the fundamental harmonic is f = 7oz °Ps

But -1 —2fno/N and hence k(2fxo/N) can be considered to be the &
harmonic frequency of the periodic sequence.

To become more familiar with operations of equation (7) we now take
up an example. This example will also be used to describe the Fast Fourier
Transform technique for N = 8.

Suppose the seismic trace is (2, 2, % . . ., £n-;), then the finite
Fourier transform as given by (7) is the following

X w2z 4+ +2x +x_ +x +
0 0 xl mz :Jr:3 .rh ;cs + :cs + x},
2 3 5 6 7
Xy =xy + 2, W + a0 +x 0 + ;cuW" +x W+ X W+ W

= 2 2
X, =z + W +:c2W‘* +x3hﬁ+xq+xsw +.v::EIo)J+ +Z7W6

- 3 6 1
Xy=a) + z Wz W+ z W+ qu“ + a:5W7 + .::6W2 + :x:7W5

o]
]

\ :c°+a:1W" +x2+x3W'*+:cl++a:5W‘* +.7:6+:e7hf1+

>q
1

5 2 7 1 3
R RN N R TR AR TN AN R

ot
"

2 2
x, +:c1W'5 +m2W“ + X + oz, +:t:5W6 +x6W“ + 2, W

X, ==z

7 5 3 2 1
; +x W+ xZWG +a W+ :nuw“‘ +a W+ W+ W

0

It should be noted that w = cos —25- - ¢ gin 28 in the above equations. This
was used to simplify the above equations as W = . Further,
h
"ag Icos %“ - i sin %”] = cosa[-zsl] -7 siné[%‘i) = .1, It should be clear
that each equation involves 8 multiply-add operations and there are 8
equations. It Iollows that 8x8 — 64 multiply-add operations are required
to calculate the transform assuming the straight forward approach is used.
For a seismic trace of length 1000 the straight forward approach would
require 1,000,000 mulfiply-add operations. In general the computation of
the finite Fourier transform of N data values requires N2 multiply-add
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operations. For N quite large and having more than one trace to transform
this number of multiply-add operations requires considerable computer
time. It was for this reason attempts were made to reduce the number of
multiply-add operations and in 1965 Coocley and Tukey reported a method
to do this. It is called the Fast Fourier Transform or FFT. Using this
method the number of multiply-add operations for a seismic trace of length
1000 is reduced from 1,000,000 to only 10,000 operations. We now develop
the FFT method for the case of N = 8.

Briefly, the method consists of dividing the data values in half to give
2 seismic traces each of length 4 and then dividing these in half to give
4 seismic traces each of length 2. It will be shown that the finite Fourier
transform of numerous short sequences requires fewer operations than
the transform of onhe long sequence. This is the basis of the FF'T method.

It should be noted that the finite Fourier transform of one data value
%, is simply X, = x,. That is, the frequency measurement and the time
measurement for one data value are the same. The finite Fourier trans-
form for two data values (x,,x,), N — 2 is also very easy to calculate.

Using equation (7), with W = cos % -1 gin % = cogn - 1 sinm = -1,

we obtain ¥ =z 4z
0 o "1

X1=x0+:x:lw=a:u-:rl.

Now for the case of N —= 8, the input is (&, ., % %, &4, Ts, L X;} and
we divide this sequence in half to obtain two sequences as follows:

L3 58, 1% 5 0E

4255 1% ¢+ %7
~o \ \
~ \
1Y

Y
Yooy s¥,sY5) \630"51'\32’33) |

The y sequence consists of all the original data values with even subscripts,
that is ¥, = x,, ¥1 = ., etc. The z sequence consists of all the original
data values with odd subscripts. Both sequences (¥.,¥.,%:¥%:} and
(2o,21,%:,2;:) have N — 4. It follows that the finite Fourier transform of

(Yo,¥15Y2,4s) s

) 22 fork=01,23
Ik-nzuyn[cosT-zsinT] or £ =V, 4, 4 J

Using De Moivre’s Theorem this can be written as

3 2kn
2 . 2 —
1, = nZO yn[cos T" - % gin Tﬂ} for k=01, 2, 3
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or 3
Y, = 1 g for k=0, 1, 2, 3.
n=0
Also 3 "
Z, = 1 2 for k =0, 1, 2, 3.
n=0

Expanding these equations in W we obtain the finite Fourier transforms
Of (Yo,¥1,%2%s) and (2,,2,,2,,2;) to be
k=o Yo=yg+¥ +4, +y, = ToHT, +E T

= - 2
kel ¥, =y, + YW +32W“ +y3V5
k=2 Y, =y, +y W +y, +y W

ka3 Y-y0+ylwﬁ+yzw‘*+y3w2

k=0 Z =2 +2 2 -] -
- ] ; L HE, HE T AT +E HT
- 2 '
kail Z 2, + 3 W +22W‘++33W5
kw2 Zz-zo+zlw‘*+zz+zaw"

k=3 33-30+31W5+82W“+33W2.

To illustrate the first step in the development of the FFT we now develop
the equations which give the spectral values (X, X,, X,, X,, X, X, X,
X:) in terms of the spectral values of the two shorter sequences.

We know from equation (7) that

7
X, = I =W fork=0,1,234,56,7.
n=0

Expanding the above equation for X, we obtain
Xo -a:0+ar1 +:r.'2 +.'.r:3 +mk +z.‘5 +:c6 +:r:7.
On simply regrouping the terms this can be written as

XU- (:cn+a:2+z:u+.7cs)+ (:cl+.-x:3+m5+a:7)-i’o+zo.

2 3 5 7
Also X =xy T W+, W+l +:::|+W‘* +z W +a:5W5 + @ W or

X = + 2 W2+ + 2 =
. (:x:0 x, :x:ulv"' xswﬁ) + W(ml + .w:gli/ + :nSW“ + :c7W5) Y o+ WZI.
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- 2 2 or
Also X, =@, +x W +:c2W"‘ +a:3W6+xu+w5W +x6W‘*+x7W5

1]
X, = (x, + x,W" +x, + W) + Wz, + 2N+ xg + oz W) = T, + W22,

3 9 7 2 5
Also x, =z, + W + x W8+ 2 W+ W+ a4 X W+ W or

= 2 3 2y = 3
X, = (o) + .-czwﬁ + ;r:hﬁl‘+ +la:EW ) + Wiz, + :z:SWG + :.L'SW“ + x, W) = Yo + Wz,

- +x + + + . r
Also X, =z +a:1W“ z, :raw"‘ +ax, xsﬁf"' + .'c,?W"' o

X, = @, +z, +2, +z)+ W‘*(xl tz,hz +x) =T +W"Z0.
It is seen that X, which is the spectral value at the Nyquist frequency is
given in terms of the zeroth spectral values of the shorter sequence. In
this way we use the 4 spectral values of the shorter sequences to give the
8 spectral values of the original sequence.

X = + 5 + + 7 11
5 xg ar:lW m2W2 x3W +xkﬁf" +x5PJ9 +a:GW6 +a:7W

-
"

2 5 2 - 5
s = (xy + W +xhn" +xsw‘=‘) + WG, + z, W +x5rf' +:r:7W6) Y, + Wz,

= 10
Xg = xy + o W0 + z,it + 2yl ® + oy + 2 W+ x W+ 2 W0

Xg = Gz + T W+, T W) WS bz b o) = Y, + HEZ, “j

by
]

7 13 11 2 9
, =&yt X W +m2W5+z:3W +ka‘*+x5w +z W+ oW

X, = (z, + z,W° + th‘* + 2 W?) + W (@, + 208 + oW+ 2 W) = 7, + "723'

To restate the finite Fourier transform of the long sequence in terms of
the two shorter ones is given by

Xy =Y, + 2, ;vrh-yo+w‘+z{J

- - 5
X, = ¥, +WZ Xg = ¥, + W2

Equations (8)
2 -

X, =Y, + Wz, X 1’2+w622

- 3 - 7
X, =¥, + W2, X, =Y, + W32,

I |
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The abhove technique alone can be used to reduce the number of opera-
tions required to calculate (X, X,, X,, X,, X,, X;, X, X.). This follows be-
cause we are doing two transforms each of length 4 instead of one trans-
form of length 8 The time using this technique is proportional to 2(4)2 =
32 and not (8)2 — 64.

The method of FFT is to carry this decimating procedure to the point
of numerous sequences each of length 2. For the above case of N =— 8, we
note that the sequences (¥,,¥,,%.,%:) and (2,,2;,2:,2:,) can both be divided
or halved into 4 sequences of length 2. The equations which
give the spectral values (Y,, ¥, Y,, Y¥;) and (Z,, Z,, Z., Z,) in terms of
the spectral values of the shorter sequences will now be developed.

The sequence (Yo,Y1,Y2¥:) = (Xo,2.,%,0) is halved as follows:
(yosy\l ,yz: “3)
(gt))  Wo,v))
We note that ¥, = ¥,, 4, = ¥. and v, = ¥,, v, = ¥,. It follows that
Uy = @y, Wy == By, Uy = &, and v, = Xs.

For the other sequence (2, 2., 2., 2,) = (&, &, &5, 2.) the procedure is
the same.

(30 ,3\1 932 ’8\\3)

Ag indicated above 8, — 2,, 8, — 2, t, — #, and ¢, = z,.. It follows
that 8, = &, 8 = &;, t, = 2, and {, — @..

The spectral values or finite Fourier transform of the 4 sequences
(u,, 1), (v, v}, (8, 8) and (¢, £,) are very easily obtained as follows:

+
UO -uo ul

U, o= u, = u

) = uy + Wy

i

It follows that we have

Up =ug tuy =y +x,

v, -u°+W'*u1 -:c0+Pv‘*xq

Equations (9)

Tlo-un+ul-:c:2+a:6



THRE FINITE FOURIER TRANSBFORM 27

Su-so+sl-m + x

1 5

5, =8, + s, =z

+ W,

1

Equations (9)

Tc.-t0+1¢1-:':3-!-;c7

T, = t, + Wt =g + W,

We now develop the equations giving (Y,, Y,, Y, Y;) in terms of (U,, U,)
and (V,, V.,). These are followed by the equations giving (Z., Z,, Z., Z;)
in terms of (8,, 8,) and (T, T,).

Y = + + = =
0 = ¥ ¥, yz+y3 x0+x2+:::‘++:r:6 UD+VO

= 2 - 2 -
¥, Yo+ y WP+ W+ oy E = xo T bz W b W= U+ WY
¥, = yo"'y]_wq"'yg"'yg;wh=x0+$25‘ﬂ+xk+xsf'f+=[}0+w{/o
= (7] it 10 = 6 10 o
Y3 Yy + ylw + yzf-/ +Vy3W = + xzw + .I.'L}W‘* + .'X:EW Ul + WGVI

Equations (10)

Zo=z +z +z5 +3, =z +x5+.r +x '-..5‘0+T0

0 1 2 3 1 3 7

z gy + 2, W +zzw‘++zaw5 z, +x W +x3w‘*+x7wﬁ 8, + wr,

[N
"

) z+zlw‘*+z +33W"=xl+xsw"+x

0 2

3+:c7W"-So+W‘*T0

A, ==

10 _ & 19 o
3 + ZIWG + zzwl* + oz W z, + ;c5W + .7:3#* +x7W S1 + WGTI

0

Although the equation for Y, may appear different from the previous
equation for ¥, it is not, for W10 —= WW? — W2 asW$% — 1.

The basis of the Fast Fourier Transform or FFT method for N = 8 is
to use the sets of equations (9), (10) and (8) to calculate the finite
Fourier transform of (z,, 2., X, %, %, L5 &; &) and not equation (7).
That is, the first step is to calculate (U,, 8, Vo, To, Uy, 8, Vi, T,) using
equations (9). These 8 spectral values are stored in the positions (complex)
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occupied by the original data values for they are no longer needed. The
second step is to calculate (Y,, Z,, ¥ 2, Y, 2, Y3 Z;) from U, 8, V,,
T Uy, 8, Vi, 7)) using equations (10). The third step computes the re-
quired finite Fourier transform (X,, X,, X., X, X,, X,, X., X,) from (Y,
Z, Y, 2, Y, Z,,Y, Z,) using equations (8). Using an additional step of
rearranging to give (X,, X,, X,, X;, X,, X,, X, X;) the transform is com-
pleted. From equations (9), (10) and (8) we see that each step re-
quires 8 multiply-add operations and there are 3 such steps. It follows
that the finite Fourier transform is obtained in 8x3 = 24 multiply-add
operations instead of 64 multiply-add operations if the straight forward
approach were used. The above technique widely known as the FFT
can be generalized to handle sequences of any length N (where N = 2n)
and the number of operations is only Nn and not NZ,

Examples of computer programs using the FFT method are NLOGN
described in Multichannel Time Series Analysis by E. A. Robinson and
COOL described in Finite Fourier Transform Theory by D. W. McCowan.

The basic properties of the finite Fourier transform and the very quick
FFT procedure to calculate it should now be clearly understood. With this
In mind we now give some examples of its application in geophysical pro-
cessing. Of the many possible e ples of application we choose to discuss
only two, namely, VIBROSEIS®correlation and very briefly frequency
domain deconvolution.

VIBROSBIS® CORRELATION USING THE FFT

In conventional Vibroseis processing the sweep 8; is cross - correlated
with recorded data x, to produce the correlated seismic trace C’, (n).
With this example, we hope to remove some of the vagueness associated
with the term “processing in the frequency domain”. It will be noted that,
for this case, the resulting correlated trace will be the same whether the
straight correlation (multiply - add) or the finite Fourier transform is
used. We now take up a specific example and will compare the timing of
the two approaches,

Let us suppose the sweep is 7 seconds long and that the data is digitally
recorded to 14 seconds at a 4 ms. sampling interval. It follows that the

data is 3500 samples long and the sweep is 1750 samples long. We repre-
sent these two signals as follows:

data %, o %3, <« o o Lrrsoy + « » +» Taseo
SWeED Sy, Sz Ss - .+ - - Si7s0e

For simplicity of notation we use x, and s,, instead of x, and s,, to denote
the first values.

®*Registered trademark and service mark of Continental Oi! Company.
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A common practice, for the above example, is to calculate the correlated
trace only for the first 1751 values. In the time domain this is accomplished
by shifting - multiplying - adding until the s,,;, value is shifted under the
3500 value. That is,

1750

' my= J .38
xs +al tn t

forn=20,1,2,...,1750.

is calculated. To perform this cross-correlation on one 14 second data
trace would require 3,064,250 multiply-add operations. This follows since
each correlated output value requires 1750 multiply - adds and therefore
1751 output values require (1751)x(1750)=3,064,250 multiply-adds. It
follows that two data traces correlated with the same sweep would reqguire
2 x 3,064,250 — 6,128,500 multiply-adds. If the time required for one
multiply-add cycle is 1.0 x 10-¢ seconds, then the time to obtain the two
correlated traces is 6.13 seconds. It should be noted that the time for one
cycle will be hardware dependent.

We can also obtain these two correlated output traces via the finite
Fourier transform. Using the FFT algorithm it is quite possible that the
frequency domain approach is faster. If it were, then from the standpoint
of economics (which is the only valid criterion as the results are the same)
the finite Fourier transform method should be used. The time using the
finite Fourier transform would also be hardware dependent, As an
example, for the above 7 second sweep and 14 second data the time is only
43 seconds using the IBM 360/44 and 2938 Array Processor.

The above time of .45 seconds was used up performing the following
operations:

1. Take the two 14 second data traces, namely,
Ty Loy Tay o+ oy Laseo AN Yqy Yo, Y3 « . Yasoo and make one complex
list (24, 22 %5, . . . Bapoo), Where 2, — o, + Y. fort =1, 2, 3, . . ., 3500.

As 3500 is not a power of 2 we pad the sequenze z; out to 4096 = 212,
(add 596 zeros). The sweep is also padded to 4096 (add 1750 4 596 —
2346 zeros). It should be noted that the zeros added to z, are only to
obtain the appropriate number of samples for which the FFT algorithm is
most efficient. They do not serve the same purpose as the zeros mentioned
in property 6. The procedure is a little different here as we do not require
the complete cross - correlation. That is, we only require

4096 ¢
¢l ) = 1;2-1 B8, form = 0,12 ...,1750.
We must be aware of the inherent periodicity of the frequency domain
approach, that is, from property 6 we know that the inverse transform
of the product Z,S.* is the circular correlation of the zero filled sequences.
It follows that with the minimum amount of zeros we have added that many
of the values of the full inverse of Z;S,* for k =1, 2, . . ., 4096, namely
C’., (n) for n>1750 are distorted by the wrap around effect. But since

[ .
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the final correlated trace length is to be only the first 1751 values it
follows that the zeroes added is sufficient.

2. We now obtain the finite Fourier transform of
(zll zz, Zay + v 23,-,00, 0, 0, 0, . ey ON) N = 4096 — 212.

We use the FFT method and the result is Z; for &k — 1,2,3, . . . ., 4096.
We consider the case of using the same sweep s, for all traces and hence
its finite Fourier transform S, for k — 1,23, .... 4096 is considered to
be in storage. Hence in this step it is only the one forward transform
(N == 4096) of the complex sequence z, which contributes to the total time
of .45 seconds. It should be recalled that .45 seconds is the time required
}:o output two correlated traces C’,, (n) and C’,, (n), each 1751 samples
ong.

3. We now perform the complex mulitplication Z,8;* for ¥ = 1,2,3,
. ... 4096, These calculations also contribute to the total time of
.45 seconds.

4. The inverse transform of the product Z,S.* for ¥ = 1,2,3,. . ., 4096
is calculated. By property 6 this gives the circular correlation

C o 40296 40296 40296
cl.n) = 2,8, = z, 8, +1 Yy 8,
28 nel tAE L Ttant sag TtHRt

It should be noted that property 6 also holds for 2, a complex sequence and
S, a real sequence. That is Z,S;* is the frequency domain representation
of ¢’., (n) = C’,, (n) 4+ i Cy(n). If both sequences are complex, then
it can be shown that Z;Sy and not Z, 8,* is the frequency domain
representation of C ., (#). In other words, the general frequency repre-
sentation is Z;Sx., but for 8, real we have by property 5 that Sy

= 8;*.

It follows from the above equation that the real part of the inverse is
the one correlated trace €”,, (#) and the imaginary part of the inverse is
the other correlated trace C”,. (n). In step 4 it is the one inverse trans-
form that contributes to the total time of .45 seconds.

In this example the correlation as carried out by the finite Fourier trans-
form and FFT is faster, .45 seconds compared to 6.13 seconds for straight
correlation. Of course, the timing will be very much dependent on the
users hardware. The transform method does provide one with the oppor-
tunity to do a straight forward frequency domain deconvolution (zero
phase as required by Vibroseis) before the inverse transform is calculated.
We shall now briefly discuss frequency domain deconvolution.

FREQUENCY DOMAIN DECONVOLUTION

The basic assumption of least squares deconvolution is that the earth’s
frequency spectrum is white and hence the colouring {non - white charac-
ter) of the frequency spectrum of the returned seismic trace is due only
to the seismic wavelet. This may not be the true situation for all geologic
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sections, that is, the earth spectrum may be quite coloured and these varia-
Eons should be retained as they will contain the desired geoclogic informa-
ion.

Although the separation of the returned spectrum into its earth com-
ponent and wavelet component is very difficult, an approximate solution
is the frequency domain deconvolution process. In this process the finite
Fourier transform of the seismic trace x¢, say t = 1,2,3, ..., 1024 is calcu-
lated giving the spectral values X, for k¥ = 1,2,3,... 1024, Now
X; is a complex number and it can be written in polar form to display its
“length” |X;| and its “angle” ¢, as follows:

10,
X, = |xk| e fork=123,... 1024,

The “length of X;”, namely, [X;| is the amplitude spectrum and the
“angle of X", namelyy, is the phase spectrum of x,. The trace z, is the
convolution of the earth’s reflectivity sequence e; with the seismic wavelet
w:. From property 7 we have that the frequency domain representation
of this convolution is related to its respective components as follows:

Xk - Eka.

Writing each complex number in its polar form we have
i0, ie tw
k k k
|Xk| € - |Ekl e I"ﬁl e

or i (Ekmk)

isk
X, | e - |2, 1w, | e .
It follows that the amplitude spectrum of the convolutional sequence is

the product of component amplitude specira, while the phase spectrum of
the convelutional sequence is the sum of the component phase spectra.

That is,
|Xk| - |Ekl|”k|

and
Bk - Ek + mk.




32 K. A. TIPTCHKOSKY

The amplitude spectrum might appear as shown in Figure 1.
x|

Best fit
smooth curve,

frequency.

FIG. 1.—Raw amplitude spectrum and best fit smooth curve.

The technique used by frequency domain deconvolution (to remove only
the colouring due to the wavelet which should have a fairly smooth spectra,
assumning no reverberations) is to fit a smooth curve |8;| to the amplitude
spectrum, as shown in Fig. 1. The next step is to take the inverse of this
curve, namely, calculate 1/|8,| and weight the original spectrum | X;|
with it. The result of this is the new spectrum |X;| / |8;] which might
appear, as shown in Fig. 2,

frequency,

FIG. 2. —-Deconvolved amplitude spectra.

As can be seen in Fig. 2, the resultant spectrum is not completely white
(flat). Hopefully, the remaining variation is due to the coloured earth
spectrum. If this variation is due to the geologic section, then it follows
that the seismic trace obtained by inverting the deconvolved spectrum
should contain the desired geologic information. If on the other hand the
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spectrum was considerably whitened (by least squares deconvolution with
very little white noise added), then it is possible that some of the desired
elements in the earth’s spectrum might be attenuated.

This method of deconvolution is very suitable for Vibroseis data as zero
phase (no phase shifting) deconvolution can be performed quite easily.

CONCLUSION

There are numerous other applications of the finite Fourier transform
to geophysical data processing. For example, the two dimensional trans-
form of the seismic section to attenuate or enhance events with different
velocities. It should be noted that once the procedure for one dimensional
transform is available there is nothing new with two dimensional trans-
forms. Another example, not so well established, is CDP stacking in the

i

frequency domain. Instead of straight vector addition of X = ]xk| P
there are numerous other possible ways to average, Since the amplitude
and phase spectra are separate they can be averaged independently. One
such averaging technigue would be to take the geometric mean of the
amplitude spectra and the arithmetic mean of the phase spectra. We are
sure the reader can think of other averaging methods, which could be
tested to see if they give better results.

All in all it is quite likely the use of the finite Fourier transform will
continue to grow. It is hoped that this article has helped the reader to
understand the mechanics of doing the transform. It is also hoped that
the description of some of its basic properties will help to illuminate some
of the more sophisticated frequency domain processes.
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